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LOCAL CURVATURE ESTIMATES OF LONG-TIME SOLUTIONS TO
THE KA¨HLER-RICCI FLOW
FREDERICK TSZ-HO FONG AND YASHAN ZHANG
Abstract. We study the local curvature estimates of long-time solutions to the nor-
malized Ka¨hler-Ricci flow on compact Ka¨hler manifolds with semi-ample canonical line
bundles. Using these estimates, we prove that on such a manifold, the set of singular
fibers of the semi-ample fibration on which the Riemann curvature blows up at time-
infinity is independent of the choice of the initial Ka¨hler metric. Moreover, when the
regular fiber of the semi-ample fibration is not a finite quotient of a torus, we determine
the exact curvature blow-up rate of the Ka¨hler-Ricci flow near the regular fiber.
1. Introduction
Let X be an n-dimensional compact Ka¨hler manifold. We study the solution ω = ω(t),
t ∈ [0,∞), to the (normalized) Ka¨hler-Ricci flow
∂tω = −Ric(ω)− ω (1.1)
starting from any Ka¨hler metric ω0 on X .
The maximal existence time theorem of the Ka¨hler-Ricci flow by Cao, Tsuji, Tian-
Z.Zhang [1, 23, 29] showed that the existence of long time solutions of (1.1) is equivalent
to nefness of the canonical line bundle KX . The Abundance Conjecture predicts that if
the canonical line bundle of an algebraic manifold is nef (numerically effective), then it is
semi-ample. Hence, it is natural to study the Ka¨hler-Ricci flow on n-dimensional compact
Ka¨hler manifolds with semi-ample canonical line bundles. Let X be such a manifold, the
convergence and singular behaviors of the Ka¨hler-Ricci flow were extensively studied by
various authors including Tian-Z.Zhang [23], Song-Tian [17, 18, 19], Z.Zhang [35], Gill [4],
the first-named author and Z.Zhang [3], Tosatti-Weinkove-Yang [26], Tosatti-Y.G.Zhang
[28], Hein-Tosatti [11], Guo-Song-Weinkove [7], Tian-Z.L.Zhang [21, 22], Guo [6], the
second-named author [32, 33, 34] and Jian [12].
When the Kodaira dimension κ := kod(X) of X is in the range 0 < κ < n, we let
f : X → Xcan ⊂ CPN (1.2)
be the semi-ample fibration with connected fibers induced by pluricanonical system of
KX . Here Xcan is a κ-dimensional irreducible normal projective variety which is called
the canonical model of X . Let V ⊂ Xcan be the singular set of Xcan consisting of critical
values of f . We call Xy = f
−1(y) is a regular fiber if y ∈ Xcan \ V , and a singular fiber if
y ∈ V . Moreover, there exists a rational Ka¨hler metric χ on CPN with f ∗χ ∈ 2πc1(KX).
By fundamental works of Song-Tian [17, 18], the Ka¨hler-Ricci flow ω(t) starting from any
initial Ka¨hler metric converges in the sense of currents to a generalized Ka¨hler-Einstein
metric on Xcan. Smooth convergence results were obtained by [4] in the case X is a direct
product of a complex torus and a Ka¨hler manifold with negative first Chern class (also
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see [20, Section 6] for the product elliptic surface case), and by [3] for the case of regular
torus fibrations (proved using parabolic analogue of [5]). The rationality assumption in
[3] was later removed in [11]. For general Calabi-Yau fibrations, C0loc-convergence of the
metric on the regular part of X was also obtained in [26]. It was also proved in [28] that
the Riemann curvature must blow up near any regular fiber which is not a complex torus
nor its finite quotient.
In this article, motivated by known results about curvature estimates of long-time
Ka¨hler-Ricci flow solutions, we study the local curvature estimate of the flow (1.1). We
first localize Hamilton’s definition [8] of infinite-time singularity types of the Ka¨hler-Ricci
flow:
Definition 1.1 (Local infinite-time singularity type). Given a subset K ⊂ X , a long time
solution ω(t) to the Ka¨hler-Ricci flow (1.1) is of singularity type III on K if there exists
an open neighborhood U of K such that
lim sup
t→∞
(
sup
U
|Rm(ω(t))|ω(t)
)
<∞;
otherwise we say the solution is of singularity type IIb on K.
For example, if we choose K = X in Definition 1.1, then we get the original definition
by Hamilton [8] and we simply say the solution ω(t) is of type III or type IIb. We can
also discuss the singularity type of the Ka¨hler-Ricci flow at a fixed point x by choosing
K = {x} in Definition 1.1.
We are interested in classifying the singularity type of the Ka¨hler-Ricci flow on the fibers
Xy of f in (1.2). Thanks to the aforesaid works [3, 4, 11, 26, 28], the regular fiber case
was completely understood: the Ka¨hler-Ricci flow is of type III on a regular fiber Xy if
and only if Xy is biholomorphic to a finite quotient of a torus. Moreover, in the case that
the regular fiber is not a finite quotient of a torus, any open neighborhood of a singular
fiber must contain a regular fiber, and so in this case the Ka¨hler-Ricci flow on a singular
fiber Xy is of type IIb. Therefore, the only open case is the following
(⋆) 0 < kod(X) < n (n ≥ 3) and the regular fiber Xy is a finite quotient of a torus
and V 6= ∅.
In case (⋆), when Xy is a singular fiber, certain criterions for the Ka¨hler-Ricci flow
developing type IIb singularities on Xy have been discovered, see [28, Proposition 1.4] and
[34, Theorems 2.1]. In general, the classification of the singularity type of the Ka¨hler-Ricci
flow on singular fibers is largely open. Along this line, it was conjectured in [28, Section
1] (also see [25, Conjecture 6.7]) and confirmed in [32, Theorem 1.4] that the (global)
singularity type of the Ka¨hler-Ricci flow on X does not depend on the choice of the initial
Ka¨hler metric. This indicates that the (global) singularity type of the Ka¨hler-Ricci flow
on X should only depend on the complex structure of X .
Now suppose X in case (⋆) admits a type IIb solution to the Ka¨hler-Ricci flow on X ,
then [32, Theorem 1.4] implies every solution to the Ka¨hler-Ricci flow on X is of type IIb,
that is, the curvature of every solution to (1.1) must blow up on some singular fibers. It
is then natural to ask:
Question 1.2. Assume the flow is of type IIb on X.
(1) For X in case (⋆) whether the set of singular fibers on which the Riemann curvature
of the Ka¨hler-Ricci flow (1.1) blows up is independent of the choice of the initial
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Ka¨hler metric? This in its setting may be regarded as a local and strengthened
version of a conjecture by Tosatti [25, Conjecture 6.7].
(2) Furthermore, if the flow is of type IIb on a singular or regular fiber Xy, what can
we say about the blow-up rate of the curvature? E.g.,
(2.1) does the blow-up rate depend on the choice of the initial Ka¨hler metric?
(2.2) can we have some effective estimates on the blow-up rates?
In this paper, we shall study the above questions. We will first prove the following esti-
mates assuming that both curvature and metrics satisfy certain time-dependent bounds:
Theorem 1.3. Let f : X → Xcan be the map in (1.2), consider a fiber Xy where y ∈ Xcan.
Suppose ω˜(t) and ω(t) are two solutions of (1.1) such that there exist an open neighborhood
U of Xy in X, and two increasing
1 differentiable functions τ(t), σ(t) : [0,∞) → [1,∞)
such that
sup
U
|Rm(ω˜(t))|ω˜(t) ≤ τ(t) for any t ∈ [0,∞), (1.3)
and, we have on U × [0,∞),
σ(t)−1ω˜(t) ≤ ω(t) ≤ σ(t)ω˜(t). (1.4)
Then, there exist an open neighborhood U ′ of Xy in X with U
′ ⊂⊂ U and a constant
A ≥ 1 such that for any t ∈ [0,∞),
sup
U ′
|Rm(ω(t))|ω(t) ≤ Aσ(t)4τ(t). (1.5)
We point out that in Theorem 1.3 the fiber could be a singular one.
Combining Theorem 1.3, early results in [3] and Proposition 6.1 in Section 6, we have
the following estimates assuming only the curvature upper bound:
Theorem 1.4. Let f : X → Xcan be the map in (1.2), and ω(t) and ω˜(t) be two Ka¨hler-
Ricci flows (1.1). Consider a fiber Xy, and suppose there exist an open set U containing
Xy and an increasing differentiable function τ(t) : [0,∞)→ [1,∞) such that
sup
U
|Rm(ω˜(t))|ω˜(t) ≤ τ(t).
(i) If Xy is a regular fiber, then there exist an open set U
′ with Xy ⊂ U ′ ⊂⊂ U and a
constant C ≥ 1 such that
sup
U ′
|Rm(ω(t))|ω(t) ≤ Cτ(t).
(ii) If Xy is a singular fiber, then there exist an open set U
′ with Xy ⊂ U ′ ⊂⊂ U and
a constant C ≥ 1 such that
sup
U ′
|Rm(ω(t))|ω(t) ≤ eCτ(t).
Both conclusions in Theorem 1.4 can be seen as partial results for Question 1.2(2),
while part (i) solves Question 1.2 (2.1) in the regular fiber case. Moreover, as a corollary
of Theorem 1.4, we shall answer Question 1.2 (1) in full generality:
Theorem 1.5. Let f : X → Xcan be the map in (1.2). The (local) singularity type (i.e.
Type III or IIb) of the Ka¨hler-Ricci flow (1.1) on any fixed fiber Xy does not depend on
the choice of the initial Ka¨hler metric.
1Throughout this article, “increasing” means the time-derivative is nonnegative.
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Consequently, if let WII(ω(t)) be the set of point y ∈ Xcan such that ω(t) is of type IIb
on Xy, then WII(ω(t)) and hence f
−1(WII(ω(t))) are invariant for different Ka¨hler-Ricci
flow solutions ω(t) on X. We may simply denote WII := WII(ω(t)).
Remark 1.6. In [3], it was proved that WII ⊂ V in the case (⋆). If in particular X is a
minimal elliptic Ka¨hler surface, by [28, Theorem 1.6] the set WII exactly consists of the
critical values of f over which the singular fibers are not of Kodaira type mI0. In contrast
in [28] where the regular fibers are not complex tori nor its finite quotients, one has
(Xcan\V ) ⊂ WII; moreover, as we mentioned before, in this case any open neighborhood
of a singular fiber must contain a regular fiber, and so we have WII = Xcan.
Remark 1.7. Note that [32, Theorem 1.4] addressed the special case WII(ω(t)) = ∅ for
some solution ω(t). Therefore, our Theorem 1.5 is a substantial improvement of [32,
Theorem 1.4].
Remark 1.8. Theorem 1.5 indicates a general phenomenon that the singularity type of
the Ka¨hler-Ricci flow on a singular fiber should depend only on the properties of the
singular fiber itself, and hence provides an analytic viewpoint to classify these singular
fibers. Naturally, our long term goal will be to find precise relations between singularity
types of Ka¨hler-Ricci flows and the analytic/algebraic properties of the singular fibers.
To state our next result, consider the regular fiber of f : X → Xcan is not biholomorphic
to a finite quotient of a torus, then it was proved in [28] that the Riemann curvature must
blow up near such a fiber. In this case our Theorem 1.4(i) somehow says the curvature
blow-up rate near such a fiber should not depend on the choice of the initial metric. The
following theorem further determines the exact blow-up order of the Riemann curvature,
solving Question 1.2 (2) in the regular fiber case.
Theorem 1.9. Assume f : X → Xcan as in (1.2) and the regular fiber is not biholo-
morphic to a finite quotient of a torus. Then for an arbitrary U ⊂⊂ X \ f−1(V ) and an
arbitrary solution ω(t) to the Ka¨hler-Ricci flow (1.1), there is a constant A ≥ 1 such that
for any t ≥ 0,
A−1et ≤ sup
U
|Rm(ω(t))|ω(t) ≤ Aet. (1.6)
We should mention that in (1.6) the lower bound is essentially contained in [28], and
so our contribution is the upper bound, see Section 7 for more details.
An immediate consequence of Theorem 1.9:
Corollary 1.10. Assume f : X → Xcan as in (1.2) and the regular fiber is not biholomor-
phic to a finite quotient of a torus. Then for an arbitrary U ⊂⊂ X \ f−1(V ) and an arbi-
trary long-time solution ω = ω(t) to the unnormalized Ka¨hler-Ricci flow ∂tω = −Ric(ω),
there is a constant A ≥ 1 such that for any t ≥ 0,
A−1 ≤ sup
U
|Rm(ω(t))|ω(t) ≤ A. (1.7)
Our proofs are achieved by maximum principle arguments and do not involve any
convergence results of the Ka¨hler-Ricci flow. An important ingredient is the existence of
good cut-off functions that are defined locally around each singular/regular fiber.
The structure of this paper is as follows: in Section 2 we constructe some good cut-
off functions that will be used to localize our curvature estimates near each fiber. In
Sections 3 and 4, we use the cut-off functions constructed to derive local Shi’s and Calabi’s
estimates, then in Section 5 we give the proof of Theorem 1.3 by estimating the Riemann
LOCAL CURVATURE ESTIMATES OF LONG-TIME SOLUTIONS TO KRF 5
curvature locally near a fiber. In Section 6, we derive an important result about local
uniform equivalence between two Ka¨hler-Ricci flow solutions when the Riemann curvature
of one of them is given to be uniformly bounded locally around a fiber. Proofs of above-
mentioned theorems are given at the end of this section. Finally in Section 7, we prove
Theorems 1.9; we also give a curvature blow-up rate estimate in terms of the existence of
a Ka¨hler metric with semi-negative holomorphic sectional curvature.
2. Cut-off functions near fibers
Recall results of Song-Tian [17, 18, 19] that, for any solution ω(t) there exists a constant
C0 ≥ 1 such that on X × [0,∞),
trω(t)(f
∗χ) ≤ C0. (2.1)
and
C−10 e
−(n−k)tωn0 ≤ ω(t)n ≤ C0e−(n−k)tωn0 . (2.2)
For each fiber Xy (singular or regular), we are going to construct some nice smooth cutoff
functions on X with compact support containing Xy such that they satisfy some desirable
bounds according to the estimates (2.1) and (2.2).
Lemma 2.1. For any fiber Xy and an open neighborhood U of Xy in X, there exists an
open neighborhood U ′ of Xy in X with U
′ ⊂⊂ U and a smooth function φ : X → [0, 1]
such that φ is compactly supported on U , φ ≡ 1 on U ′, and for each Ka¨hler-Ricci flow
ω(t) there exists C ≥ 1 depending on the initial metric ω0 and U with
sup
X×[0,∞)
(|∂φ|2ω(t) + |∆ω(t)φ|) ≤ C.
Proof. As an irreducible normal projective variety, Xcan is a closed subset of CP
N with
the induced topology. Then by compactness of X and Xy there is a proper open subset U˜
in Xcan with y ∈ U˜ and f−1(U˜) ⊂⊂ U . Since Xcan is a subvariety of CPN , for the given
y ∈ U˜ ⊂ Xcan we can fix a sufficiently small local chart (Ω, w1, ..., wN) in CPN centered
at y and finitely many polynomials p1, ..., pL defined on Ω such that Xcan ∩ Ω ⊂⊂ U˜ and
Xcan∩Ω = {w ∈ Ω|pl(w) = 0, l = 1, ..., L}. In particular, f−1(Ω) = f−1(Xcan ∩Ω) ⊂⊂ U .
We may assume Ω = {(w1, ..., wN) ∈ CN ||w1|2 + ...|wN |2 < 1}. Set Ω′ := {(w1, ..., wN) ∈
CN ||w1|2 + ...|wN |2 < 1
m2
1
} for a sufficiently large number m1 > 1 such that Xcan ∩ Ω′ =
{w ∈ Ω′|pl(w) = 0, l = 1, ..., L} ⊂⊂ Xcan ∩ Ω, and hence f−1(Ω′) ⊂⊂ f−1(Ω). Fix a
smooth cutoff function ψ on CPN which compactly supports on Ω and identically equals
to 1 on Ω′. There exists a constant A0 ≥ 1 such that on CPN ,√−1∂ψ ∧ ∂¯ψ ≤ A0χ.
and
−A0χ ≤
√−1∂∂¯ψ ≤ A0χ.
Then we define a smooth function φ := f ∗ψ on X , which compactly supports on f−1(Ω)
and identically equals to 1 on f−1(Ω′). Using the above two inequalities and (2.1) gives
|∂φ|2ω(t) = trω(t)(
√−1∂φ ∧ ∂¯φ)
= trω(t)(f
∗(
√−1∂ψ ∧ ∂¯ψ))
≤ A0trω(t)(f ∗χ)
≤ A0C0,
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∆ω(t)φ = trω(t)(
√−1∂∂¯φ)
= trω(t)(f
∗(
√−1∂∂¯ψ))
≤ A0trω(t)(f ∗χ)
≤ A0C0,
and similarly,
∆ω(t)φ ≥ −A0C0.
In conclusion, on X × [0,∞),
|∂φ|2ω(t) , |∆ω(t)φ| ≤ A0C0 (2.3)
as desired. 
Remark 2.2. We remark that when y is a smooth point in Xcan, we can easily choose a
cutoff function by using local chart in Xcan around y. However, when y is a singular point
in Xcan, Xcan is no longer a smooth manifold near y and hence it may be unclear how to
find a function on Xcan which is “smooth” near y. A key point in our above lemma is
that, using the ambient manifold CPN , we can still construct good cutoff function near a
singular fiber, which is crucial for the later discussions, as the curvature behaviors near
singular fibers will be our main interest.
3. Local Shi’s derivative estimates near fibers
As a preparation for the next section, we prove a local Shi’s estimate by modifying [15,
Section 4] on an open neighborhood of a fiber.
Proposition 3.1. Let f : X → Xcan be the map in (1.2). Fix an arbitrary y ∈ V .
Assume there exist a solution ω˜(t) of (1.1), an open neighborhood U of Xy in X, and an
increasing differentiable function τ(t) : [0,∞)→ [1,∞) such that
sup
U
|Rm(ω˜(t))|ω˜(t) ≤ τ(t). (3.1)
Then, we have an open neighborhood U ′ of Xy in X with U
′ ⊂⊂ U such that for any
solution ω(t) there exists a constant A ≥ 1 satisfying
|∇Rm(ω˜)|ω˜ ≤ A · τ 32 (3.2)
on U ′ × [0,∞). Here ∇ denote the real covariant derivative with respect to ω˜.
Proof. Let φ be the cutoff function obtained in Lemma 2.1 and U ′ ⊂⊂ U be an open
neighborhood of Xy such that φ ≡ 1 on U ′. We let A1 ≥ 1 be a constant such that on
X × [0,∞),
|∂φ|2ω˜(t), |∆ω˜(t)φ| ≤ A1.
By Hamilton there is a constant C ≥ 1 depending only on dimension n such that on
X × [0,∞),
(∂t −∆ω˜)|Rm(ω˜)|2ω˜ ≤ −|∇Rm(ω˜)|2ω˜ + C|Rm(ω˜)|3ω˜. (3.3)
Then, combining with (3.1) and d
dt
τ ≥ 0, we have on U × [0,∞),
(∂t −∆ω˜)(τ−2|Rm(ω˜)|2ω˜) ≤ −τ−2|∇Rm(ω˜)|2ω˜ + Cτ. (3.4)
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On the other hand,
(∂t −∆ω˜)|∇Rm(ω˜)|2ω˜ ≤ −|∇2Rm(ω˜)|2ω˜ + C|Rm(ω˜)|ω˜ · |∇Rm(ω˜)|2ω˜
≤ −|∇2Rm(ω˜)|2ω˜ + Cτ |∇Rm(ω˜)|2ω˜ (3.5)
Thus
(∂t −∆ω˜)(φ2|∇Rm(ω˜)|2ω˜)
= φ2(∂t −∆ω˜)|∇Rm(ω˜)|2ω˜ −∆ω˜(φ2)|∇Rm(ω˜)|2ω˜ − 2Re(∂(φ2) · ∂¯|∇Rm(ω˜)|2ω˜)
≤ −φ2|∇2Rm(ω˜)|2ω˜ + Cτ |∇Rm(ω˜)|2ω˜ − 2Re(∂(φ2) · ∂¯|∇Rm(ω˜)|2ω˜) (3.6)
By Cauchy-Schwarz inequality,
−2Re(∂(φ2) · ∂¯|∇Rm(ω˜)|2ω˜) ≤ φ2|∇2Rm(ω˜)|2ω˜ + 4|∂φ|2 · |∇Rm(ω˜)|2ω˜
≤ φ2|∇2Rm(ω˜)|2ω˜ + 4A1 · |∇Rm(ω˜)|2ω˜,
and by putting it into (3.6) gives, for some constant C ≥ 1,
(∂t −∆ω˜)(φ2|∇Rm(ω˜)|2ω˜) ≤ Cτ |∇Rm(ω˜)|2ω˜ (3.7)
and so
(∂t −∆ω˜)(τ−3φ2|∇Rm(ω˜)|2ω˜) ≤ Cτ−2|∇Rm(ω˜)|2ω˜ (3.8)
on U × [0,∞). By combining (3.4) and (3.8), we can choose a constant D ≥ 1 such that
there holds on U × [0,∞) that
(∂t −∆ω˜)(τ−3φ2|∇Rm(ω˜)|2ω˜ +Dτ−2|Rm(ω˜)|2ω˜) ≤ −τ−2|∇Rm(ω˜)|2ω˜ + Cτ. (3.9)
By the maximum principle arguments we know τ−3φ2|∇Rm(ω˜)|2ω˜ + Dτ−2|Rm(ω˜)|2ω˜ is
uniformly bounded on U × [0,∞) and by φ ≡ 1 on U ′ we proved that τ−3|∇Rm(ω˜)|2ω˜ is
uniformly bounded on U ′ × [0,∞). In other words, there is a constant C ≥ 1 such that
on U ′ × [0,∞),
|∇Rm(ω˜)|ω˜ ≤ C · τ 32
completing the proof. 
4. Local Calabi’s C3-estimate near fibers
As in [31, 1, 14, 15, 16], we define a tensor Ψ = (Ψkij) by Ψ
k
ij := Γ
k
ij − Γ˜kij , where Γkij
(resp. Γ˜kij) is the Christoffel symbols of ω(t) (resp. ω˜(t)), and S = |Ψ|2ω. Next we derive
an upper estimate of S in the setting as in Theorem 1.3. Note that similar local estimates
appear in Sherman-Weinkove’s works [15, 16] in which the Ka¨hler-Ricci flow (and more
generally Chern-Ricci flow) solution is assumed to be locally uniformly equivalent to a
fixed metric on a ball. In our setting, the two metrics are both evolving and we allow the
eigenvalues of ω˜(t)−1ω(t) to blow-up as t → ∞. The good cut-off functions constructed
in Lemma 2.1 are essential in our proof to tackle these issues.
Proposition 4.1. Assume the same setting as in Theorem 1.3. Let U ′ be an open neigh-
borhood of Xy satisfying (3.2) in Proposition 3.1. Then we have an open neighborhood U
′′
of Xy in X with U
′′ ⊂⊂ U ′ and a constant A ≥ 1 such that
S ≤ Aσ4τ (4.1)
on U ′′ × [0,∞).
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Proof. Recall the evolution of trωω˜:
(∂t −∆ω)trωω˜ = −trω(Ric(ω˜)) + g j¯igq¯pR˜ij¯pq¯ − g j¯igq¯pg˜b¯a∇ig˜pb¯∇j¯ g˜aq¯.
Then by (1.3) and (1.4) we get
(∂t −∆ω)trωω˜ ≤ 2nτσ2 − σ−1S, (4.2)
and so
(∂t −∆ω)(σ−1trωω˜) ≤ 2nτσ − σ−2S, (4.3)
Recall [32, (3.17)]:
(∂t −∆ω)S = S − |∇Ψ|2ω − |∇Ψ|2ω + 2Re(g j¯igq¯pgkl¯(∇˜iR˜ kp −∇b¯R˜ kib¯p )Ψljq) (4.4)
and
∇b¯R˜ kib¯p = Ψ ∗Rm(ω˜) + gb¯a∇˜aR˜ kib¯p
By (1.3) and (3.2),
|∇˜iR˜ kp |ω ≤ σ
3
2 |∇˜iR˜ kp |ω˜ ≤ Cσ
3
2 τ
3
2 ,
|Ψ ∗Rm(ω˜)|ω ≤ |Ψ|ω|Rm(ω˜)|ω ≤ Cσ2τ |Ψ|ω
and
|gb¯a∇˜aR˜ kib¯p |ω ≤ σ|∇˜b¯R˜ kib¯p |ω ≤ σ
5
2 |∇˜b¯R˜ kib¯p |ω˜ ≤ Cσ
5
2 τ
3
2 ,
implying
2Re(g j¯igq¯pgkl¯(∇˜iR˜ kp −∇b¯R˜ kib¯p )Ψljq) ≤ Cσ2τS + Cσ
5
2 τ
3
2
√
S.
Therefore, we have
(∂t −∆ω)S = Cσ2τS + Cσ 52 τ 32
√
S − |∇Ψ|2ω − |∇Ψ|2ω. (4.5)
and so
(∂t −∆ω)
(
σ−4τ−1S
) ≤ Cσ−2S + Cσ− 32 τ 12√S − σ−4τ−1(|∇Ψ|2ω + |∇Ψ|2ω), (4.6)
which holds on U ′ × [0,∞).
Now by Lemma 2.1 we choose an open neighborhood U ′′ of Xy with U
′′ ⊂⊂ U ′ and fix
a cutoff function φ on X , which is compactly supported on U ′, identically equals to 1 on
U ′′, and satisfies, for a constant C ≥ 1, on X × [0,∞),
|∂φ|2ω(t) + |∆ω(t)φ| ≤ C. (4.7)
Compute:
(∂t −∆ω)(φ2σ−4τ−1S)
= φ2(∂t −∆ω)(σ−4τ−1S)− (∆ωφ2)σ−4τ−1S − 2σ−4τ−1Re(∂(φ2) · ∂¯S)
≤ Cφ2σ−2S + Cφ2σ− 32 τ 12
√
S − φ2σ−4τ−1(|∇Ψ|2ω + |∇Ψ|2ω) (4.8)
+ Cσ−4τ−1S − 2σ−4τ−1Re(∂(φ2) · ∂¯S)
≤ Cσ−2S + Cσ− 32 τ 12
√
S − φ2σ−4τ−1(|∇Ψ|2ω + |∇Ψ|2ω) (4.9)
− 2σ−4τ−1Re(∂(φ2) · ∂¯S).
Note that
−2σ−4τ−1Re(∂(φ2) · ∂¯S) ≤ σ−4τ−1φ2(|∇Ψ|2ω + |∇Ψ|2ω) + Cσ−4τ−1S,
putting which into the above inequality gives
(∂t −∆ω)(φ2σ−4τ−1S) ≤ Cσ−2S + Cσ− 32 τ 12
√
S. (4.10)
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Therefore, by setting Q := φ2σ−4τ−1S + Cσ−1trωω˜ for a sufficiently large constant C,
then by (4.3) and (4.10) there holds on U ′ × [0,∞) that
(∂t −∆ω)Q ≤ −σ−2S + Cσ− 32 τ 12
√
S + Cστ. (4.11)
Assume (x¯, t¯) is a maximal point of Q on U ′ × [0, T ]. We may assume x¯ ∈ U ′, t¯ > 0
and S ≥ Bστ at (x¯, t¯) for a sufficiently large constant B so that Cσ−3/2τ 1/2√S ≤ 1
2
σ−2S.
Then by the maximum principle we have, at (x¯, t¯),
σ−2S ≤ Cσ− 32 τ 12
√
S + Cστ
≤ 1
2
σ−2S + Cστ. (4.12)
By rearrangement, we get
S ≤ C˜σ3τ
for some large constant C˜, proving that Q(x¯, t¯) is uniformly bounded on U ′× [0,∞), and
so σ−4τ−1S is uniformly bounded on U ′′ × [0,∞). The proof is then completed. 
5. Curvature estimates near fibers and proof of Theorem 1.3
In this section, we give the proof of our major results (Theorem 1.3). The proof is
modified from [15, Section 3]. Since our case involves two different solutions (both are
degenerate at time-infinity) and some possibly unbounded quantities, which is slightly
different from the setting in [15, Section 3], we present the details here for convenience of
readers.
Proof of Theorem 1.3. Firstly, by combining (4.5) and (4.1), we have on U ′′ × [0,∞),
(∂t −∆ω)S ≤ Cσ6τ 2 − |∇Ψ|2ω − |∇Ψ|2ω. (5.1)
By (1.3) and (1.4) we also have
|∇Ψ|2ω = |R˜ kib¯p − R kib¯p |2ω ≥
1
2
|Rm(ω)|2ω − C|Rm(ω˜)|2ω ≥
1
2
|Rm(ω)|2ω − Cσ4τ 2, (5.2)
putting which into (5.1) concludes
(∂t −∆ω)S ≤ Cσ6τ 2 − 1
2
|Rm(ω)|2ω, (5.3)
Now (5.1) and (5.3) imply
(∂t −∆ω)(σ−4τ−1S) ≤ Cσ2τ − σ−4τ−1(|∇Ψ|2ω + |∇Ψ|2ω) (5.4)
and
(∂t −∆ω)(σ−4τ−1S) ≤ Cσ2τ − 1
2
σ−4τ−1|Rm(ω)|2ω (5.5)
respectively. Also recall
(∂t −∆ω)|Rm(ω)|2ω ≤ −|∇Rm(ω)|2ω − |∇Rm(ω)|2ω + C|Rm(ω)|3ω. (5.6)
Now we set S˜ := σ−4τ−1S, which is a smooth bounded function on U ′′× [0,∞). Again
by Lemma 2.1 we choose an open neighborhood U ′′′ of Xy with U
′′′ ⊂⊂ U ′′ and fix a
cut-off function φ on X , which is compactly supported on U ′′, identically equals to 1 on
U ′′′, and satisfies, for a constant C ≥ 1, on X × [0,∞),
|∂φ|2ω(t) + |∆ω(t)φ| ≤ C.
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Let B be a sufficiently large constant so that B − S˜ > B
2
. We then modify the direct
computations in [15] and get:
(∂t −∆ω)
(
φ2
|Rm(ω)|2ω
B − S˜
)
=− (∆φ2) |Rm(ω)|
2
ω
B − S˜ + φ
2 (∂t −∆ω)|Rm(ω)|2ω
B − S˜ + φ
2 (∂t −∆ω)S˜
(B − S˜)2 |Rm(ω)|
2
ω
− 2φ2 |∂S˜|
2
ω|Rm(ω)|2ω
(B − S˜)3 − 4Re
φ · ∂φ · ∂¯|Rm(ω)|2ω
B − S˜
− 4Reφ∂φ · ∂¯S˜
(B − S˜)2 |Rm(ω)|
2
ω − 2Re
φ2 · ∂|Rm(ω)|2ω · ∂¯S˜
(B − S˜)2 . (5.7)
Using (5.4), (5.6) and Cauchy-Schwarz inequality, we have
(B − S˜)2(∂t −∆ω)
(
φ2
|Rm(ω)|2ω
B − S˜
)
(5.8)
≤− (∆φ2)(B − S˜)|Rm(ω)|2ω
+ φ2(B − S˜)(C|Rm(ω)|3ω − |∇Rm(ω)|2ω − |∇Rm(ω)|2ω)
+ φ2(Cσ2τ − σ−4τ−1|∇Ψ|2ω − σ−4τ−1|∇Ψ|2ω)|Rm(ω)|2ω
− 2
B − S˜ φ
2|∂S˜|2ω|Rm(ω)|2ω + 16|∂φ|2ω(B − S˜)|Rm(ω)|2ω
+
1
2
φ2(B − S˜)|∇Rm(ω)|2ω +
1
2
φ2(B − S˜)|∇Rm(ω)|2ω
+
1
B − S˜ φ
2|∂S˜|2ω|Rm(ω)|2ω + 4|∂φ|2ω(B − S˜)|Rm(ω)|2ω
+
4
B − S˜ φ
2|∂S˜|2ω|Rm(ω)|2ω
+
1
2
φ2(B − S˜)|∇Rm(ω)|2ω +
1
2
φ2(B − S˜)|∇Rm(ω)|2ω.
Label the above terms (1), (2), . . . , (16). Observe that
(1) + (5) + (9) + (13) ≤ Cσ2τ |Rm(ω)|2ω, (5.9)
(3) + (4) + (10) + (11) + (15) + (16) = 0 (5.10)
and
(8) + (12) + (14) =
3
B − S˜ φ
2|∂S˜|2ω|Rm(ω)|2ω (5.11)
Then we have
(B − S˜)2(∂t −∆ω)
(
φ2
|Rm(ω)|2ω
B − S˜
)
(5.12)
≤Cσ2τ |Rm(ω)|2ω
+
3
B − S˜ φ
2|∂S˜|2ω|Rm(ω)|2ω
+ φ2C(B − S˜)|Rm(ω)|3ω
− φ2σ−4τ−1|∇Ψ|2ω|Rm(ω)|2ω − φ2σ−4τ−1|∇Ψ|2ω|Rm(ω)|2ω. (5.13)
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Label the above terms (T1), (T2), . . . , (T5). Using (5.2) we have
(T3) +
1
2
(T5) ≤ φ2C(B − S˜)|Rm(ω)|3ω − φ2σ−4τ−1
(
1
4
|Rm(ω)|2ω − Cσ4τ 2
)
|Rm(ω)|2ω
≤ φ2|Rm(ω)|3ω
(
BC − 1
4
σ−4τ−1|Rm(ω)|ω
)
+ Cτ |Rm(ω)|2ω. (5.14)
Observing that by Cauchy-Schwarz inequality and (4.1), we have
|∂S˜|2ω = σ−8τ−2|∂S|2ω ≤ 4σ−8τ−2S(|∇Ψ|2ω + |∇Ψ|2ω) ≤ Cσ−4τ−1(|∇Ψ|2ω + |∇Ψ|2ω),
and so for sufficiently large constant B,
(T2) +
1
2
(T4) +
1
2
(T5) ≤
(
3C
B − S˜ −
1
2
)
φ2σ−4τ−1(|∇Ψ|2ω + |∇Ψ|2ω)|Rm(ω)|2ω ≤ 0. (5.15)
Then we arrive at
(B − S˜)2(∂t −∆ω)
(
φ2
|Rm(ω)|2ω
B − S˜
)
≤ Cσ2τ |Rm(ω)|2ω + φ2|Rm(ω)|3ω
(
BC − 1
4
σ−4τ−1|Rm(ω)|ω
)
. (5.16)
Note we have discarded a term 1
2
(T4).
This shows
(∂t −∆ω)
(
φ2σ−8τ−2
|Rm(ω)|2ω
B − S˜
)
≤Cσ−6τ−1|Rm(ω)|2ω
+ σ−8τ−2(B − S˜)−2φ2|Rm(ω)|3ω
(
BC − 1
4
σ−4τ−1|Rm(ω)|ω
)
, (5.17)
Now consider Q := φ2σ−8τ−2 |Rm(ω)|
2
ω
B−S˜
+CS˜ for sufficiently large constant C. By combining
(5.5) and (5.17) we get, on U ′′ × [0,∞),
(∂t −∆ω)Q ≤− σ−4τ−1|Rm(ω)|2ω + Cσ2τ
+ σ−8τ−2(B − S˜)−2φ2|Rm(ω)|3ω
(
BC − 1
4
σ−4τ−1|Rm(ω)|ω
)
. (5.18)
Suppose (x¯, t¯) is a maximum point of Q on U ′′ × [0, T ]. We may assume without loss of
generality that φ(x¯) > 0 (and hence x¯ ∈ U ′), t¯ > 0 and |Rm(ω)|2ω ≥ Cσ6τ 2 at (x¯, t¯). Then
by applying the maximum principle on (5.18) we have at (x¯, t¯)
BC − 1
4
σ−4τ−1|Rm(ω)|ω ≥ 0
and hence |Rm(ω)|ω(x¯, t¯) ≤ Cσ4τ and Q(x¯, t¯) ≤ C. In conclusion, Q ≤ C on U ′′× [0,∞),
and hence |Rm(ω)|ω ≤ Cσ4τ on U ′′′ × [0,∞), completing the proof.

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6. Metric equivalences, and Proofs of Theorems 1.4 and 1.5
In this section, we prove an important estimate between the local upper bound near a
fiber Xy of the Riemann curvature of a particular Ka¨hler-Ricci flow solution and the local
bound near Xy on the eigenvalues of any other Ka¨hler-Ricci flow solution.
Proposition 6.1. Let f : X → Xcan be the map in (1.2). Fix an arbitrary y ∈ Xcan.
Assume there exist a solution ω˜(t), an open neighborhood U of Xy in X, and an increasing
differentiable function τ(t) : [0,∞)→ [1,∞) such that
sup
U
|Rm(ω˜(t))|ω˜(t) ≤ τ(t). (6.1)
Then, we have an open neighborhood U ′ of Xy in X with U
′ ⊂⊂ U such that for any
solution ω(t) there exists a constant A ≥ 1 satisfying
e−A·τ(t)ω˜(t) ≤ ω(t) ≤ eA·τ(t)ω˜(t) (6.2)
on U ′ × [0,∞).
Proof. By direct computation (see e.g. [32, Section 3]) we have
(∂t −∆ω)trωω˜ = −trω(Ric(ω˜)) + g j¯igq¯pR˜ij¯pq¯ − g j¯igq¯pg˜b¯a∇ig˜pb¯∇j¯ g˜aq¯.
Combining (6.1), we get
(∂t −∆ω)trωω˜ ≤ nτ · trωω˜ + τ(trωω˜)2 − g j¯igq¯pg˜b¯a∇ig˜pb¯∇j¯ g˜aq¯. (6.3)
and hence
(∂t −∆ω) log trωω˜ ≤ τ · trωω˜ + nτ, (6.4)
which by d
dt
τ ≥ 0 implies, at any point with trωω˜ ≥ 1,
(∂t −∆ω)
(
τ−1 log trωω˜
) ≤ trωω˜ + n, (6.5)
As in [32, (3.6)], then there is a smooth real function u = u(t) on X × [0,∞) and a
constant C ≥ 1 such that
sup
X×[0,∞)
|u|+ |∂tu| ≤ C (6.6)
and
(∂t −∆ω)(τ−1 log trωω˜ + u(t)) ≤ −trωω˜ + C (6.7)
at any point in U×[0,∞) with trωω˜ ≥ 1. This function u is a linear combination of Ka¨hler
potentials of ω(t) and ω˜(t) which are well-known to be uniformly bounded on X × [0,∞)
by [17, 18, 19].
By Lemma 2.1 we choose an open neighborhood U ′ of Xy with U
′ ⊂⊂ U and fix a
cutoff function φ on X , which is compactly supported on U ′, identically equals to 1 on
U ′, and satisfies, for a constant C ≥ 1, on X × [0,∞),
|∂φ|2ω(t) + |∆ω(t)φ| ≤ C.
To apply the maximum principle, we consider the function P (t) := φ·(τ−1 log trωω˜ + u(t)).
We have
(∂t −∆ω)P (t) =φ · (∂t −∆ω)(τ−1 log trωω˜ + u(t))− (∆ωφ) · (τ−1 log trωω˜ + u(t))
− 2Re (∂φ · ∂¯(τ−1 log trωω˜ + u(t))) (6.8)
For any T > 0, let (x¯, t¯) be a maximal point of P on X × [0, T ]. We may assume t¯ > 0,
and φ(x¯) > 0 (otherwise trω(ω˜) ≤ CeAτ at the maximum point of P and we are done)
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and by similar reason assume that trωω˜(x¯, t¯) ≥ e2+τC2 so that P (x¯, t¯) > 0. Applying the
maximum principle in (6.8) and using (2.3), (6.7), we have at (x¯, t¯),
0 ≤ (∂t −∆ω)P
= φ · (∂t −∆ω)(τ−1 log trωω˜ + u)− (∆ωφ) · (τ−1 log trωω˜ + u)
− 2Re (∂φ · ∂¯(τ−1 log trωω˜ + u))
≤ φ(−trωω˜ + C) + C · (τ−1 log trωω˜ + u)
− 2Re (∂φ · ∂¯(τ−1 log trωω˜ + u)) . (6.9)
On the other hand, at (x¯, t¯) we have
0 = ∂¯P = (τ−1 log trωω˜ + u) · ∂¯φ+ φ · ∂¯(τ−1 log trωω˜ + u),
or equivalently (note that φ(x¯) > 0), we have
∂¯(τ−1 log trωω˜ + u) = −(τ
−1 log trωω˜ + u)
φ
· ∂¯φ.
This shows
−Re (∂φ · ∂¯(τ−1 log trωω˜ + u)) = (τ−1 log trωω˜ + u)
φ
· |∂φ|2ω(t)
≤ C (τ
−1 log trωω˜ + u)
φ
,
and by putting it into (6.9) we get
trωω˜ ≤ C · (τ
−1 log trωω˜ + u)
φ
+
C(τ−1 log trωω˜ + u)
φ2
+ C
≤ C log trωω˜ + C
φ2
≤ C log trωω˜
φ2
where in the second inequality uses the uniform bound for u in (6.6), τ ≥ 1 and φ ≤ 1,
and in the last inequality we uses trωω˜ ≥ e2. Using again trωω˜ ≥ e2 we know log trωω˜ ≤
(trωω˜)
1/2, so we arrive at
trωω˜ ≤ C(trωω˜)
1/2
φ2
,
which gives, at (x¯, t¯),
trωω˜ ≤ C
φ4
.
Therefore,
P (x¯, t¯) = φ · (τ−1 log trωω˜ + u)
≤ φ · τ−1 log trωω˜ + C
≤ φ · log 1
φ4
+ C. (6.10)
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Since the function s log 1
s4
is uniformly bounded for s ∈ (0, 1], we get a uniform constant
C ≥ 1 such that
P (x¯, t¯) ≤ C.
Since C does not depend on the choice of T , there holds on X × [0,∞) that
P ≤ C.
Recall φ ≡ 1 on U ′, then combining the bound of R in (6.6) we obtain a constant C ≥ 1
such that on U ′ × [0,∞),
trωω˜ ≤ eC·τ . (6.11)
From (2.2) by [17, 18] we know the volume forms ωn and ω˜n are uniformly equivalent on
X , so by possibly increasing C if necessary we have on U ′ × [0,∞),
trω˜ω ≤ C · e(n−1)C·τ . (6.12)
Combining (6.11) and (6.12), we find a constant A ≥ 1 such that on U ′ × [0,∞),
e−A·τ ω˜ ≤ ω ≤ eA·τ ω˜. (6.13)

Proof of Theorem 1.4. For case (i), i.e. Xy is a regular fiber, by Fong-Z. Zhang [3, Theo-
rem 1.1 and Section 6] (see also [24] for the elliptic analogue) we know any two solutions
are uniformly equivalent near Xy. Then we can choose σ in Theorem 1.3 to be a constant,
and so (i) follows.
For case (ii), i.e. Xy is a singular fiber, by Proposition 6.1 we can choose σ in Theorem
1.3 to be of the form eAτ , and so (ii) follows. 
Proof of Theorem 1.5. By choosing τ in Theorem 1.4 to be a constant, the theorem follows
easily: if y 6∈ WII(ω˜(t)), then there exists an open neighborhood U of Xy and a constant
C ≥ 1 such that on U × [0,∞) we have:
sup
U
|Rm(ω˜(t))|ω˜(t) ≤ C.
Proposition 6.2 shows there exists an open neighborhood U ′ ⊂⊂ U of Xy and a constant
A ≥ 1 such that on a U ′ × [0,∞) we have:
e−ACω˜(t) ≤ ω(t) ≤ eACω˜(t).
Finally, we apply Theorem 1.3 with σ(t) ≡ eAC to get that y 6∈ WII(ω(t)). It completes
the proof.

7. Blow-up rate estimates
In this final section, we shall first prove the following general lemma, and then apply
it to estimate curvature blow-up rate in certain settings.
Lemma 7.1. Let Br, r > 0, be the ball in C
n defined by Br = {(z1, ..., zn) ∈ Cn||z1|2 +
. . . + |zn|2 < r2}, and ωE the standard Euclidean metric on Cn. Fix a smooth family
ω˜ = ω˜(t), t ∈ [0,∞), of Ka¨hler metrics on B1 satisfying
(1) for any t ≥ 0, ω˜(t) is a flat metric;
(2) there is a constant C such that ∂tω˜ ≤ Cω˜ on B1 × [0,∞);
(3) there exist an increasing differentiable function α(t) : [0,∞)→ [1,∞) and a con-
stant C ≥ 1 such that ω˜(t) ≥ C−1α−1ωE on B1 × [0,∞).
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Let ω = ω(t) be a solution to the Ka¨hler-Ricci flow (1.1) on B1 × [0,∞). Assume there
is an increasing differentiable function β(t) : [0,∞)→ [1,∞) such that
ω˜ ≤ ω ≤ β · ω˜ on B1 × [0,∞), (7.1)
then we have a constant C ≥ 1 such that on B1/2 × [0,∞),
|Rm(ω)|ω ≤ Cα · β.
Proof. The proof is similar to our above discussions. The first step is to obtain a local
Calabi’s C3-estimate, which is very similar to [26, Proposition 2.7]. Since we are in a
setting more general than [26, Proposition 2.7], we will provide some details. As before,
define a tensor Ψ = (Ψkij) by Ψ
k
ij := Γ
k
ij − Γ˜kij, where Γkij (resp. Γ˜kij) is the Christoffel
symbols of ω(t) (resp. ω˜(t)), and S = |Ψ|2ω. Given conditions (3) we may fix a cutoff
function φ on B1, which is compactly supported on B1, identically equals to 1 on B2/3,
and satisfies, for a constant C ≥ 1, on B1 × [0,∞),
|∂φ|2ω(t) + |∆ω(t)φ| ≤ Cα. (7.2)
Then by direct computation we have
(∂t −∆ω)S = S − |∇Ψ|2ω − |∇Ψ|2ω
= S − |∇Ψ|2ω − |Rm(ω)|2ω (7.3)
and hence
(∂t −∆ω)(φ2S) ≤ CαS. (7.4)
On the other hand, given conditions (1), (2) and (7.1) we can use direct computation
to get
(∂t −∆ω)trωω˜ = trω(ω˜ + ∂tω˜) + g j¯igq¯pR˜ij¯pq¯ − g j¯igq¯pg˜b¯a∇ig˜pb¯∇j¯ g˜aq¯
= trω(ω˜ + ∂tω˜) + g
j¯igq¯pR˜ij¯pq¯ − g j¯igq¯pg˜de¯ΨdipΨejq
≤ C − β−1S. (7.5)
Note that (7.4) implies
(∂t −∆ω)(φ2α−1β−1S) ≤ Cβ−1S. (7.6)
Therefore, choosing a sufficiently large constant C gives
(∂t −∆ω)(φ2α−1β−1S + Ctrωω˜) ≤ −β−1S + C.
Now by apply the maximum principle, we conclude that φ2α−1β−1S+Ctrωω˜ is a bounded
function onB1×[0,∞) (here we have used trωω˜ is uniformly bounded by the first inequality
in (7.1)), and hence
S ≤ Cα · β on B2/3 × [0,∞). (7.7)
Now, we are going to bound Rm(ω). Combining the above (7.7) and (7.3), we have on
B2/3 × [0,∞),
(∂t −∆ω)(α−1β−1S) ≤ C − α−1β−1(|∇Ψ|2ω + |∇Ψ|2ω) (7.8)
and
(∂t −∆ω)(α−1β−1S) ≤ C − α−1β−1|Rm(ω)|2ω. (7.9)
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Next, fix a cutoff function ρ on B2/3, which is compactly supported on B2/3, identically
equals to 1 on B1/2, and satisfies, for a constant C ≥ 1, on B2/3 × [0,∞),
|∂ρ|2ω(t) + |∆ω(t)ρ| ≤ Cα. (7.10)
Then we can use very similar analysis in Section 5 to see that, for two sufficiently large
constants B,C there holds on B2/3 × [0,∞),
(∂t −∆ω)
(
ρ2
|Rm(ω)|2ω
B − α−1β−1S
)
≤ Cα|Rm(ω)|2ω +
ρ2
(B − α−1β−1S)2 |Rm(ω)|
3
ω(BC −
1
2
α−1β−1|Rm(ω)|ω)
and hence
(∂t −∆ω)
(
ρ2α−2β−2
|Rm(ω)|2ω
B − α−1β−1S
)
≤ Cα−1β−2|Rm(ω)|2ω +
ρ2α−2β−2
(B − α−1β−1S)2 |Rm(ω)|
3
ω(BC −
1
2
α−1β−1|Rm(ω)|ω).
Together with (7.9), we find a sufficiently large constant C ≥ 1 such that
(∂t −∆ω)
(
ρ2α−2β−2
|Rm(ω)|2ω
B − α−1β−1S + Cα
−1β−1S
)
≤ C − α−1β−1|Rm(ω)|2ω +
ρ2α−2β−2
(B − α−1β−1S)2 |Rm(ω)|
3
ω(BC −
1
2
α−1β−1|Rm(ω)|ω).
Now applying the similar maximum principle arguments in Section 5 completes the proof.

We shall provide two applications of Lemma 7.1. The first one is a proof of Theorem
1.9.
Proof of Theorem 1.9. The first part A−1et ≤ supU |Rm(ω(t))|ω(t) is contained in [28]. In
fact, we may choose a regular fiber Xy such that U ∩Xy is an open subset in Xy. Then
any Ricci-flat Ka¨hler metric on Xy can not be flat on U ∩ Xy (otherwise we get a flat
metric on Xy, a contradiction). Therefore, the arguments in [28, page 2941, (C, Case 1)]
can be applied to prove the lower estimate.
Next we show the second part. To this end, by passing to a finite open cover, we may
assume U is a local chart centered at x ∈ U and U = {(z1, ..., zn) ∈ Cn||z1|2+ ...+ |zn|2 <
1}. Then similar to [26, Proposition 2.7], we write Cn = Ck ⊕ Cn−k, and ωE, ω(k)E , ω(n−k)E
the Euclidean metrics on Cn, Ck, Cn−k respectively. Set ωE,t := ω
(k)
E + e
−tω
(n−k)
E . By
Fong-Z. Zhang [3, Theorem 1.1 and Section 6] we have a constant C ≥ 1 such that on
U × [0,∞),
C−1ωE,t ≤ ω(t) ≤ CωE,t. (7.11)
Then we can complete the proof by applying Lemma 7.1 with ω˜(t) = C−1ωE,t, α(t) = e
t
and β(t) ≡ C2. 
We observe one more application of Lemma 7.1, which concerns the Ka¨hler-Ricci
flow on a compact Ka¨hler manifold with semi-negative holomorphic sectional curva-
ture. Pioneered by a conjecture of Yau in 1970s, compact Ka¨hler manifolds with (semi-
)negative holomorphic sectional curvature have been studied widely. More recently, after
a breakthrough by Wu-Yau [30], there are many progresses on this subjects, including
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[2, 9, 10, 13, 27], just to mention a few. Here, by applying Lemma 7.1 we observe a
curvature estimate of the Ka¨hler-Ricci flow in terms of the existence of a Ka¨hler metric
with semi-negative holomorphic sectional curvature.
Proposition 7.2. Let X be a compact Ka¨hler manifold. Assume there exists a Ka¨hler
metric on X with semi-negative holomorphic sectional curvature (and hence by [27] KX
is nef). Then for any long-time solution ω(t) to the Ka¨hler-Ricci flow (1.1) on X, there
is a constant C ≥ 1 such that on X × [0,∞),
|Rm(ω(t))|ω(t) ≤ C · e(n+1)t.
We may point out that here we don’t need to assume semi-ampleness of KX .
Proof. Fix a Ka¨hler metric ω0 on X with semi-negative holomorphic sectional curvature.
It was proved in [13, Section 3] that on X × [0,∞),
ω(t) ≥ C−1e−tω0.
Then using the uniform upper bound of volume form (see e.g. [20, Corollary 2.3(ii)]) one
gets
ω(t) ≤ Ce(n−1)tω0.
Now, after passing to a local chart, we can apply Lemma 7.1 with ω˜(t) = C−1e−tωE,
α(t) = et and β(t) = C2ent to conclude this proposition. 
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